Introduction
This paper is concerned with Borel 1-cocycles on ergodic flows on standard Borel measure spaces and a certain type of group coactions on (separable) factors.
In [3] , Aoi and the present author clarified a close relation between Borel 1-cocycles in ergodic theory and group coactions in the theory of operator algebras: it was proven there that cocycles on a discrete measured equivalence relation R are, roughly speaking, in bijective correspondence with coactions on the associated (Feldman-Moore) von Neumann algebra W * (R) (see [14] ) which fix the Cartan subalgebra of W * (R) pointwise. This would provide a reasonable evidence that the study of 1-cocycles on R is 'equivalent' to that of special group coactions on W * (R), and thus enables us to analyze such cocycles by operator-algebraic methods and investigate coactions of the type described above from a viewpoint of ergodic theory.
Note that 1-cocycles on discrete equivalence relations are almost the same as those on measure spaces with actions of countable groups (see [13] ). Hence, if we pursue the research along the line illustrated above, we are naturally led to consider cocycles on measure spaces with continuous group actions, especially cocycles on flow spaces.
They are exactly what we treat in this paper.
Let {F t } t ∈R be a (conservative) ergodic flow on a standard probability space (X, µ). We may think of the covariant system (X, R, {F t }) as the smooth flow of weights on an approximately finite-dimensional (AFD) factor N of type III. Consider a Borel 1-cocycle c : R × X → K on this ergodic R-space X with values in a (second countable) locally compact group K. If K happens to be the one-dimensional torus T, then, for each dominant weight φ on N, the cocycle c induces a * -automorphism σ φ c of N, called the extended modular automorphism of φ (see [9] ). Thanks to [9] , we further know which automorphisms of N arise in this manner.
Given this fact, one might ask what happens if K is a general locally compact group. To the best of the author's knowledge, this problem was treated beautifully by Izumi [22] in a different context when K is compact. To be more precise, he considered a factor N of type III that admits a family of special (i.e. modular) endomorphisms of N with a certain set of properties. Each member π of this family induces a Borel 1-cocycle on the smooth flow of weights on N with values in the unitary group U(n), where n depends on π. Due to one of the results of Zimmer in [40] , the family then determines a compact group K. The properties which this family of endomorphisms enjoys now ensure that N admits a Roberts action (equivalently, a coaction) of K.
Although we could not always hope that this kind of endomorphism exists on N when K is no longer a compact group, we might still expect that each 1-cocycle on the smooth flow of weights on N induces a coaction of K on N. The main purpose of this paper is to show that this is indeed the case.
The organization of the paper is as follows. In §2, we collect all of the standard symbols and the terms used throughout the paper. Section 3 deals with the problem discussed above. Let N be a factor of type III whose smooth flow of weights is (X N , F N ). Fix any dominant weight φ on N. We show that each Borel 1-cocycle c on the ergodic R-space X N with values in a locally compact group K yields a coaction β φ c of K on N which fixes the centralizer N φ . We also prove that a different choice of a dominant weight produces a conjugate coaction, and that a cohomologous 1-cocycle gives rise to a cocycle conjugate coaction. Therefore, the crossed product by the coaction β φ c and its dual action depend only on the cohomology class [c] up to conjugacy. The crossed product is called the skew-product of N by c. If K equals T, then our construction of β φ c amounts to the Connes-Takesaki extended modular automorphism group construction explained before. Hence, we call β φ c the extended modular coaction associated with φ and c. In §4, we characterize extended modular coactions as coactions that leave the centralizer of a dominant weight pointwise invariant. In §5, we discuss the Connes spectra of extended modular coactions. It is proven that the asymptotic range of c is always contained in the Connes spectrum of β φ c . Section 6 is concerned with crossed products by extended modular coactions and their smooth flows of weights. Thanks to the result in §5, the extended modular coaction β φ c turns out to be strictly outer [36] if c is a cocycle having dense range. For such a cocycle c, we will give a complete description of the smooth flow of weights on the crossed product by β φ c (Theorem 6.4) . This generalizes the result obtained by Izumi in [22] . In §7, we examine the (Murray-von Neumann) algebraic type of crossed products by extended modular coactions in a certain situation. Section 8 contains a study of the dual actions of extended modular coactions associated with 1-cocycles having dense range. We characterize such an action as an integrable, minimal action whose Connes-Takesaki module is faithful and integrable. In §9, we give some remark on Galois correspondence for actions considered in §8. For an integrable, minimal action α of a locally compact group K on a factor M of type III whose Connes-Takesaki module is faithful and integrable, we show, with some additional assumption, that an intermediate subfactor L of the inclusion M α ⊆ M is of the form L = M α H for a closed subgroup H of K if and only if there exist faithful normal semifinite operator-valued weights from M to L and from L to M α . In Appendices A-D, we include some results which are used or referred to in the preceding sections. Usually, unitary 1-cocycles for group actions on von Neumann algebras are assumed to be σ -strongly* continuous with respect to the group parameters. It is, however, widely known (see [31, Notes 20.15] ) that the σ -strong* continuity requirement can be replaced, without modifying the notion, by the measurability condition we adopt in this paper. This is folklore among specialists, but we could not locate literature that exhibits a concrete proof. So we include one here that fully utilizes the argument in [5] . Appendices A-D also contain another construction of the skew-product algebra obtained in §6. This is used in §9 and seems to be of independent interest. Finally, we prove that, for any properly ergodic flow space X and any amenable locally compact group K, there is a Borel 1-cocycle c : R × X → K having dense range.
Notation and terminology
Throughout this paper, we assume that all von Neumann algebras have separable preduals.
For a faithful normal semifinite weight φ on a von Neumann algebra M, we set
More generally, for an operator-valued weight T from a von Neumann algebra M to a von Neumann subalgebra N, we set
The Hilbert space obtained from φ by the Gelfand-Naimark-Segal (GNS)-construction will be denoted by H φ , and we let φ : n φ → H φ stand for the natural injection.
As usual, we use the symbols J φ , φ to denote the modular conjugation and modular operator associated with φ. For a Hilbert space H , B(H ) stands for the algebra of all bounded operators on H . In this paper, any locally compact group will be assumed to be second countable. Let K be a locally compact group. Unless otherwise mentioned, we always consider a left Haar measure on K, which we denote by m K . We denote by W * (K) the von Neumann algebra generated by the left regular representation λ K on L 2 (K). Remark that W * (K) is the left von Neumann algebra of the left Hilbert algebra C c (K) of all continuous functions on K with compact support, where we consider on C c (K) the usual convolution and involution. The faithful semifinite normal weight on W * (K) associated with the left Hilbert algebra C c (K) is denoted by ϕ K , the Plancherel weight on W * (K). It is known that there exists a unital normal injective
We use the same notation for the fixed-point algebra of a group action. ) ) is an operator-valued weight from M to M α . The coaction α is said to be integrable if T α is semifinite. (For an action β of K on M, the mapping a ∈ M + → K β k (a) dk defines a faithful normal operator-valued weight T β from M to the fixed-point algebra M β . We say that β is integrable if T β is semifinite.) (3) The crossed product of M by α is the von Neumann algebra
(In this paper, we adopt the notation in [35] for crossed products by (quantum) group actions. Hence, in the crossed product notation, the (quantum) groups appear on the left, while algebras appear on the right, such as K α M, R σ φ M, and so on.)
where ρ K is the right regular representation of K. We callα the dual action of α.
(For the definition of the dual action of an action of a locally compact abelian group, see [31] .) (5) The map Tα defined by Tα(x) := Kα k (x) dk is an operator-valued weight from
Let β be another coaction of K on M. We say that α is cocycle conjugate to β if there exist a * -automorphism π of M and an α-1-cocycle V such that
For the spectral theory for coactions such as the (Arveson) spectrum, the Connes spectrum and so on, we refer the reader to [27, 28] .
Let G, K be locally compact groups, and X be a standard Borel G-space with quasiinvariant probability measure µ. A Borel map c :
Let c : G × X → K be a Borel 1-cocycle as above. The essential range of c is the smallest closed subset σ (c) of K such that c −1 (σ (c)) has complement of measure zero. The asymptotic range (or real image) r * (c) of c (see [13, 30] ) is, by definition, {σ (c B ) : B ⊆ X, µ(B) > 0}, where c B stands for the restriction of c to the subgroupoid {(g, x) : gx, x ∈ B}. There is a natural G-action on the product standard Borel space , x) k, gx). We call this action the skewproduct action associated with c, and often write K × c X in short for (K × X, m K × µ) with this special action. If both the original G-action on X and the skew-product action are ergodic, then we say that c has dense range.
One-cocycles on smooth flows of weights
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Let M be an infinite factor. Then one can associate in a functorial manner an ergodic abelian covariant system (P M , R, F M ), called the smooth flow of weights on M (see [9] ). One way to concretely realize this system is the following. Take a faithful normal semifinite weight φ on M. Then one obtains an abelian covariant system (Z(R σ φ M), R, σ φ ), where Z(N) in general stands for the center of a von Neumann algebra N and σ φ indicates the dual action of the modular automorphism group σ φ . It is well-known that this system is conjugate to the smooth flow of weights on M. Another equivalent realization by using a dominant weight [9] is given in the next section. In any case, there exist a (not necessarily unique) standard Borel probability space (X M , µ M ) and an ergodic flow
We also call (X M , F M ) the smooth flow of weights on M. The set of all Borel 1-cocycles c :
The group of all non-singular Borel automorphisms on X M commuting with all {F M t } will be denoted by Aut(F M ).
Coactions derived from 1-cocycles on the space of the smooth flow of weights:
extended modular coactions The goal of this section is to construct, from a Borel 1-cocycle on the smooth flow of weights on a type III factor N with a dominant weight φ, a coaction on N whose fixedpoint algebra contains the centralizer N φ (Theorem 3.1).
Let N be a factor of type III, and fix a dominant weight φ on N. We regard N as represented standardly on the GNS Hilbert space H φ obtained from φ.
By the dominancy of φ, we have a continuous decomposition of N (cf. [9, 31, 33]) as follows.
(1) The centralizer N φ of φ is of type II ∞ . (2) There exists a one-parameter unitary group {u(t)} t ∈R in N satisfying N = (N φ ∪ {u(t)} t ∈R ) and u(t)N φ u(t) = N φ for all t ∈ R. (3) If we set θ t := Ad u(t)| N φ ∈ Aut(N φ ) (t ∈ R), then there is a * -isomorphism from the crossed product R θ N φ onto N such that:
for all t ∈ R; (iii) the dual actionθ is conjugate to the modular automorphism group {σ φ }, i.e.
•θ t • −1 = σ φ t for any t ∈ R. (4) There exists a faithful normal semifinite trace τ on N φ satisfying τ • θ t = e −t τ for all t ∈ R. The smooth flow of weights on N is then the system (Z(N φ ), R, θ ). So there exist a standard Borel space X N , a probability measure µ on X N and an ergodic flow
, t ∈ R and x ∈ X N . We often simply write tx for F N t x. We consider a central decomposition of N φ
over (X N , µ).
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Now assume that we are given a Borel 1-cocycle c ∈ Z 1 (F N , K) for a locally compact group K. Since the map (t,
From this, it follows that the equation
Along this decomposition, U c is decomposed into
, where, for any x ∈ X N , U c (x) may be assumed to act as follows: 
where Q s is a unitary in
Moreover, a different choice of a dominant weight on N gives rise to a conjugate coaction in this procedure.
To show (3.3), we first note that U c (1 ⊗ λ R (s) ⊗ 1)U * c acts in the following manner:
where
This may be verified by a direct calculation using the cocycle property of c. If Q s is the unitary defined in the statement of this theorem, then, by (3.4), we get Proof. Suppose that c and c are cohomologous. So there is a Borel map q : 13 . This means that V q is a β 
. Hence, we may and do assume that there is a Borel function p :
for any s ∈ R. As in previous paragraph, this identity means that, for almost every x ∈ X N , we have
Therefore, c is cohomologous to c. 2
As cocycle conjugate covariant systems produce conjugate dual covariant systems, the next corollary immediately follows from Proposition 3.3. 
Proof. This follows at once from Proposition 3.3.
2 This proposition would justify our terminology 'extended modular coaction' for β φ c .
Proof. The claimed identity easily follows from (3.5), (3.6) and σ
for any ξ ∈ L 2 (K) and a ∈ m + φ . Proof. We know that the equation
One-cocycles on smooth flows of weights 9 defines a faithful normal semifinite operator-valued weight from N to N φ that satisfies φ = τ • T φ . From this and Lemma 3.7, we have, for any a ∈ N + ,
This completes the proof. 2
Remark. We close this section with a brief remark on the construction of the skewproduct
, was obtained by way of constructing the extended modular coaction β φ c . Although we believe that our approach (by using extended modular coactions) is very important in its own right, we emphasize that there is another way of defining the skew-product algebra without introducing the notion of an extended modular coaction. This approach is fully illustrated in Appendix C. The idea is to directly construct a 'continuous decomposition' of the skew-product algebra from N and c. We will make use of this approach in §9.
Characterization of extended modular coactions
The main result of this section (Theorem 4.1) asserts that extended modular coactions are exactly the coactions whose fixed-point algebras contain the centralizer of some dominant weight (the dominant weight may vary depending on a coaction). This, together with the results in the preceding section, would imply that the extended modular coaction is a right generalization of Connes-Takesaki's extended modular automorphism group.
As in the previous section, let N be a factor of type III and φ a dominant weight on N. We retain the notation introduced in the preceding section.
Hence, by the relative commutant theorem [9, Ch. II, Theorem 5.1], we get
, and thus can be regarded as a bounded Borel function from R × X N into W * (K).
In the meantime, we have 13 .
For s, t ∈ R, we have
(w(s))w(t).
This shows that, for all s, t ∈ R, the map c satisfies c (s + t, x) = c (s, tx)c (t, x)
for almost every x ∈ X N . By [42, Theorem B.9] , there exists a Borel 1-cocycle c :
for almost every x ∈ X N . So we may assume from the outset that w is determined by this cocycle c.
Remark. The proof of the preceding theorem allows us to obtain the following claim: if a locally compact quantum group G (in the sense of Kustermans and Vaes [25] ) admits a faithful action β on a type III factor N for which there exists a dominant weight φ on N satisfying N φ ⊆ N β (the fixed-point algebra of β), then G must be cocommutative. To verify this claim, let β be such an action of the locally compact quantum group G = (M, , ϕ, ψ). We freely employ the notation used in [39] for locally compact quantum groups and their actions. Note that the proof of Theorem 4.1 is valid up to the second paragraph, except that we have (w(s, x)) = w(s, x) ⊗ w(s, x) instead in the end. This means that, almost everywhere, w(s, x) belongs to the so-called intrinsic
From this and the assumption that β is faithful, i.e. {(id ⊗ ω)(β(a)) : a ∈ N, ω ∈ N * } = M, we find that M is equal to IG(G) . Therefore, G is cocommutative. Namely, there exists a unique locally compact group K such that M = W * (K) and = K . In particular, β is a (faithful) coaction of this group K on N as in Theorem 4.1.
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Proof. Let γ ∈ Aut(N) and V be as above. Since γ (N φ 
From this and (3.6), we have
where Q c and Q c 2 s are respectively the unitaries in Theorem 3.1 constructed from cocycles c and c 2 . From the above calculation, we obtain Q c
This shows that T belongs to Aut(F N ). 2
The Connes spectrum of β φ c
This section is concerned with a close link between the asymptotic range of c ∈ Z 1 (F N , K) and the Connes spectrum of the associated extended modular coaction. Let N be a factor of type III and φ a dominant weight on N. We still employ the notation used in §3. With a locally compact group K, we fix a Borel 1-cocycle c : R × X N → K in this section. We simply write β for the coaction β Proof. We know that N φ is contained in N β . From this and the relative commutant theorem, it follows that
where β e is the restriction of β to eNe. Let m denote the Lebesgue measure on R.
Suppose that k belongs to the essential range σ (c). Take any compact neighborhood
Choose an s ∈ R such that µ(B s ) > 0. Set a := χ B s u(−s) ∈ N \ {0}. Then, for any ω ∈ A(K) that vanishes on some neighborhood of V , we have
So there is a Borel subset B of X N such that e = χ B . Consider the reduction G B of the measured groupoid G := R × X N to B and the restriction c B := c| G B . We claim that the essential range σ (c B ) of the 1-cocycle c B is contained in Sp(β e ). This can be verified as in the preceding paragraph. Indeed, suppose that k is in σ (c B ). For any compact neighborhood of k, we can choose an s ∈ R so that the R-section B s of (c B ) −1 (V ) at s has positive measure.
. Hence, b belongs to (eNe) β e (V ). This implies that k is in Sp(β e ).
By the results of the previous paragraphs, we obtain
This completes the proof. 
The crossed productK β φ c N and its smooth flow of weights
This section is concerned with crossed products (skew products) by extended modular coactions associated with 1-cocycles having dense range. Such crossed products turn out to be factors. It is shown that the smooth flow of weights on such a crossed product is given by the skew-product action built from the original 1-cocycle.
We continue to use the notation from the preceding sections. For simplicity, we will denote by β the coaction β φ c of K on N derived from a Borel 1-cocycle c : R × X N → K. First we begin with a general lemma. [36] .
Proof. Suppose that T is an element of the relative commutant β(N) ∩K β N.
Since N φ is included in N β , it follows from the relative commutant theorem that we have
In the meantime, T is inK
where U(P ) in general stands for the unitary group of a von Neumann algebra P .
Next we consider the condition β(u(s))T β(u(s))
This means that, for each s ∈ R, we have
This can be written as an equation of functions on K × X N as follows:
In order to understand this identity more transparently, we consider the ergodic measured groupoid G := R × X N and its skew product G c by the 1-cocycle c on G. Recall that the groupoid structure on G c := K ×G is defined as follows. The set G
c of multiplicative pairs consists of points of the form (k, (s, tx)), (c(s, tx) −1 k, (t, x) ), where k ∈ K and s, t ∈ R, x ∈ X N . The product and the inverse are defined by
So the range map r and the source map s of G c are respectively defined by r(k, (t, x)) = (k, tx) and s(k, (t, x)) = (c(t, x) −1 k, x). Hence, the unit space of G c is (identified with) K × X N . With this notation, (6.2) can be expressed as
T (s(k, (t, −tx))) = T (r(k, (t, −tx))).
Since the cocycle c satisfies r * (c) = K, i.e. c has dense range, the skew product G c is ergodic (cf. [30, Corollaire II.3.5]). Therefore, T must be constant. 2
In the rest of this section, assume that the asymptotic range r * (c) of c is equal to K. Since the skew-product K × c X N is ergodic, it follows from [41, Theorem 3.1] that K is necessarily amenable. Set M :=K β N and α :=β, the dual action of β on M. So α is a minimal action of K on M, due to Theorem 6.2. Namely, α is faithful and satisfies 
where, by abusing the notation, we let σ φ denote the embedding of
Here f s is the function on R given by f s (t) := e ist . From these identities and Theorem 3.1, we obtain
In the meantime, thanks to [39, Proposition 5.7] , M is isomorphic toK β N . Hence, from now on, we identify M with this crossed product. According to [39, Proposition 5.7] and (6.3)-(6.6), M is generated by
Proof. This follows from (6.4) and (6.5). 
In particular, Ker(mod(α)) = {e}.
Proof.
(1) Take any element T in the relative commutant β ( N) ∩ M. From the observation made above, we find
From this, together with Lemmas 6.1 and 6.3, it follows that T belongs to
The assertion that M is generated by β ( N) and Z( M) will be proven in part (2) . (2) For T in part (1), we also have
for all s ∈ R. By performing the Fourier transform on R, we regard T as a function in
. Then (6.7) is equivalent to the condition that, for every s ∈ R,
) the action of R induced by this flow {S t }. By the result of the previous paragraph, we see that Z( M) is isomorphic to the fixed-point algebra L ∞ (K × R × X N ) γ . To realize the flow space of the smooth flow of weights on M, define a Borel surjective map
Note that 'the push-forward measure by ψ' is equivalent to the measure on K × X N in question.
CLAIM. The map ψ is an {S t }-factor map (see [20, p. 11] for the term 'factor map'). In particular,
Conversely, suppose that F is a bounded Borel
By the claim, Z( M) can be identified with L ∞ (K × X N ). The dual action ϑ := (σφ) of the dual weightφ on M induces a flow {T
t } on K × R × X N given by T t (k, u, x) = (k, u + t,
x). Hence, the desired flow {F M t } of weights on M is given by F M t ψ(k, u, x) = ψ(k, u + t, x). Since ψ(k, u, x) = (c(u, x)k, ux), ψ(k, u + t, x) = (c(t, ux)c(u, x)k, t (ux)),
{F M } is actually given by F M t (k, x) = (c(t, x)k, tx). Now we show that M is generated by β ( N) and Z( M).
For this, it is enough to prove that the von Neumann algebra generated by β ( N) and Z( M) contains L ∞ (K) ⊗ C ⊗ C. As we saw just before Lemma 6.3, β ( N) contains C ⊗ W * (R) ⊗ Z(N φ ).
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As in the previous paragraph, we assume that β ( N) contains C ⊗ L ∞ (R) ⊗ Z(N φ ) after performing the Fourier transform on R. By the result of the preceding paragraph, we see that
x)| dk ds dµ(x).
Thus, we conclude that η = 0. It follows that A coincides with L ∞ (K × R × X N ). (3) Letα denote the canonical extension [19] of the action α to M. By [19], the ConnesTakesaki module mod(α k ) of α k is just the restriction ofα k to Z( M).
By definition,α acts on M, regarded as being equal to R σφ M for the moment, as follows:α
where, as before, σφ stands for the embedding of M into M, δ K is the modular function of K, and (Dω : Dν) t in general indicates the Connes Radon-Nikodym cocycle for weights ω and ν. Sinceφ is δ −1 K -invariant under the dual actionα (see [35] ), we have
Consequently, when M is identified withK β N ,α fixes pointwise all elements in 
Proof. By (the proof of) Theorem 6.4, we have a , it follows that K is topologically isomorphic to R or a connected compact abelian group whose dual group is (isomorphic to) a subgroup of R with the discrete topology.
As we observed in Proposition 3.6, β := β φ c is regarded as an action of the dual groupK on N by extended modular automorphisms. Since N is of type III 1 , the extended modular automorphisms are exactly the modular automorphisms. In this case, we have β γ = σ φ c (γ ) for any γ ∈K, whereĉ :K →R = R is the dual map obtained from c.
Since K is connected, K cannot be discrete, unless K is the trivial group, in which case M = N. Note that K is trivial exactly when Ker(c) = R.
If Ker(c) is a proper closed subgroup of R, then Ker(c) has the form (−log λ)Z for a unique λ with 0 < λ < 1. In this case, since the quotient group R/ Ker(c) is compact, c(R) must be compact as well. In particular, we have c(R) = c(R) = K, and K is thus topologically isomorphic to T. We may assume in this case that c is actually given by c(t) := e 2πit/ log λ . Thenĉ(n) = 2πn/ log λ, so we have β n = (σ φ T ) n , where T = 2π/ log λ. It follows from this that M is of type III λ .
It remains to consider that case where Ker(c) = {0}. As noted before, K is either isomorphic to R or a connected compact abelian group whose dual group is (isomorphic to) a subgroup of R with the discrete topology. If K is (isomorphic to) R, then β is nothing but the modular automorphism group σ φ . So M is of type II ∞ . If K is compact, then, by Lemma 7.1, M is of type III λ for some 0 ≤ λ < 1. From Theorem 6.4, the smooth flow (F M , X M ) of weights of M is (K, {ξ t }), where ξ t (k) := k + c(t). If M is of type III λ (0 < λ < 1), then (K, {ξ t }) is conjugate to that (T, ζ t ) given by ζ t (z) := exp(2πit/T )z (z ∈ T), where T = −log λ. Then, by Lemma B.1, K and T are topologically isomorphic.
It is clear in this case that Ker(c) is never trivial, which is a contradiction. So M must be of type III 0 , and K is never isomorphic to T.
To sum up, we have obtained the following. Proof. By assumption, the smooth flow of weights on M is the ergodic flow (R, {η t }), where η t (s) := s + t. From Theorem 6.4, we know that mod(α) is a faithful action of K on R that commutes with {η t }. Hence, there exists an injective continuous homomorphism χ from K into R such that mod(α k ) = η χ(k) for any k ∈ K. By the injectivity of χ, K must be abelian. Moreover, since χ is a continuous homomorphism, K must be noncompact. Note further that, since the smooth flow of weights on M is transitive, the factor flow (F N , X N ) is also transitive. This means that N is of type Proof. Let N := M α . Take a faithful normal semifinite weight φ on N and put ω :
Denote by θ the dual action of σ ω . As before, we write (X M , F M ) for the smooth flow of weights on M. We also denote byα the canonical extension of α to M. Thus, we havẽ
where, as before, σ ω again stands for the embedding of M into M. We know [19] that mod(α) is just the restriction ofα to Z( M). We also have N = Mα. Let us choose a standard Borel probability measure space (Y , ν) and an ergodic flow 
has (a(t, y)(s), F t (y)) = F M t ( (s, y)) for almost every (s, y) ∈ S × Y . Hence, we may assume from the outset that (X M , µ) is (S × Y , m × ν) and F M is given by F M t (s, y) = (a(t, y)(s), F t (y)). By construction, the module action mod(α) induces an ergodic action {T
The integrability of mod(α) implies that of {T k }. From this and [33, Ch. X, Lemma 4.13], we may and do assume that there is a compact subgroup H of K such that S = H \K and T k is the right translation action of K on S = H \K.
Since Ker(mod(α)) = {e}, we find that H must be trivial. So S = K and T k is the right translation action of K on K. Since a(t, y) commutes with the right translations {T k }, it follows from [34, Theorem 1] that there is a Borel 1-cocycle c : R × Y → K such that a(t, y)(k) = c(t, y)k for k ∈ K. Therefore, we conclude that X M is the skew product K × Y of Y by the 1-cocycle c, and that F M is nothing but the skew-product action. Note that c has dense range, because F M is ergodic.
By the previous paragraph, there is an embedding π of
], we find that there are a coaction γ of K on N and a * -isomorphism 1 from M ontoK γ N such that:
ergodically, N must be a factor. In fact, we can do more. By the results obtained above, we have
ergodically, a must be a scalar. Therefore, we obtain M ∩ N = C. If N were semifinite, then we may assume that φ is a trace, in which case Z( N) is equal to W * (R) ⊗ C. Thus, (Y , R, F t ) is conjugate to the translation of R on R. This would entail that c is cohomologous to the trivial cocycle. Since (X M , F M ) is ergodic, it would then follow that K is trivial, which implies that M = N, a contradiction. Hence, N is a type III factor. We now see that the smooth flow (X N , F N ) of weights on N is (Y , F ) defined above. We now assume that the weight φ which we started with is a dominant weight on N. 
In the meantime, we have found that α is an integrable, minimal action with type III fixed-point algebra N. From [35, Proposition 6.4] , it follows that α is dual. Hence, there exists a strictly outer coaction τ of K on N such that (M, α) is conjugate to (K τ N,τ ) . In the following, we identify (M, α) with (K τ N,τ ) . So the weight ω on M introduced before is the dual weight of φ. The inclusion ( M ⊇ N) should be understood as (K τ N ⊇ τ ( N) ), where τ is the canonical extension of τ . The canonical extensionα of α is the dual action ( τ ). Denote by ϑ M the dual action of σ ω . We write T 2 for the operator-valued weight associated with the dual action ( τ ):
By Theorem 6.4 and the results obtained above, there exists a * -isomorphism 0 from Z( M) onto Z( L) such that 0 (a) = a for any a ∈ Z( N) (more precisely,
From the last identity, we have
Take a faithful normal state χ on N and put
Let n 1 be the linear span of the elements of the form ab, where a ∈ N and b ∈ n E 1 . Set m 1 := n * 1 n 1 . Then m 1 is a * -subalgebra of n χ 1 ∩ n * χ 1 which is σ -strongly* dense in L and globally invariant under the modular automorphism group σ χ 1 
As in the previous paragraph, let n 2 be the linear span of elements ab (a ∈ N , b ∈ n E 2 ) and m 2 be n * 2 n 2 .
Since 0 (n E 2 ) = n E 1 , the left-hand side of the equality above makes sense. We have
This shows that V 0 is an isometry. It is clearly surjective. Hence, it can be extended to a unitary V from H χ 2 onto H χ 1 . It is easy to check that one has V abV * = a 0 (b) for any a ∈ N and b ∈ Z( M). From this and the fact that
it follows that the equation
It is now obvious that we have
We now have two integrable, minimal actions α andβ of K on M, both of which have the same fixed-point algebra N. From [38, Theorem 3.6], we find that Aut(M/Mβ ), the group of automorphisms of M leaving M α pointwise invariant, is exactly {β k : k ∈ K} = {α k : k ∈ K}. Hence, there exists a (topological) group automorphism of K such that 22
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Since mod(α) is faithful, we obtain 
Let K be a non-trivial locally compact group as above. Choose a standard Borel probability space ( 
Note that the R-space Y is never conjugate to the translation of R on R. Take the AFD factor N of type III whose smooth flow of weights is the R-space Y . Hence, c belongs to Since N is AFD, N = R σ φ N is also AFD. By Corollary 6.5, P := R σ ω P is again AFD. In particular, P is AFD. In the meantime, by Theorem 6.4, both M and P have the same smooth flow of weights. Therefore, they are isomorphic [6-8, 18, 24] . So we may assume that M = L ∞ (K) ⊗ c N. Now, by Theorem 6.4, we may take α for the desired action. Let α 1 be another integrable, minimal action of K on M with mod(α 1 k ) = k for any k ∈ K. From Theorem 8.1, it follows that there exists a cocycle c 1 
As in §3, let {u(s)} be a one-parameter unitary group of N satisfying σ φ t (u(s)) = e −ist u(s) for all s, t ∈ R, and put θ s := Ad u(s)| N φ . Denote by τ the faithful normal semifinite trace on N φ with τ • θ s = e −s τ for any s ∈ R.
Proof. Thanks to Proposition C.3, we know that the covariant system
gives a continuous decomposition of M.
is the skew-product action induced from the cocycle c.
Since 
From this, it is easy to see that the restriction of the trace τ 0 ⊗ τ to Q is still semifinite, where τ 0 is a normal state on L ∞ (K) induced from a Borel probability measure on K. Hence, there exists a unique faithful normal
From this, we get
Thanks to this, we see that
Thus, we are done. 2
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T. Yamanouchi Definition 9.2. Let β be a coaction of a locally compact group G on a von Neumann algebra P . According to [27] , the equation (1)- (4) are also equivalent to:
In
this case, L is of type III and the smooth flow of weights on L is given by the skewproduct action on
Proof. The equivalence of (1) and (2) [35, Proposition 3.7] , we have
for any s, t ∈ R. From [28, Ch. II, §2], γ is a dual action. In particular, we get
By [28, Ch. VII, Theorem 1.2], the last term in the above identities is equal to M α H . Therefore, the conditions (1)-(4) are all equivalent. Let H be the subgroup of K determined by L through Lemma 9.1, and suppose from now on that the homogeneous space K/H admits a K-invariant Borel measure µ.
, it follows from the above observation that the equation
. We claim that F (X) belongs to the extended positive part of M α = β(N). For this, it suffices to show that F (X) is fixed by the dual action α. First we observe that S satisfies
Thus our claim has been proven. Because η(β(a)) = 1 ⊗ β(a) for all a ∈ N, we have
Hence we find that F is a faithful normal operator-valued weight from
This shows that F is semifinite. 
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, and that the smooth flow of weights on L is given by the skew-product action on K/H × c X N . Note that the skew-product action on K/H × c X N is never conjugate to (R, Translation), since M is of type III. In particular, L must be of type III. Let be the
CLAIM. L is generated by N and Z( L). Moreover, we have
By the result of the previous paragraph, we see that ( L) is generated by
One-cocycles on smooth flows of weights
27
Hence,
Therefore, we obtain L = Mα H . Thus, the claim has been proven. 2
By the claim, we have 
is either a finite group or Aut(F M ) itself. In the former case, K is a finite group, as mod(α) is faithful. Hence, [23] takes care of the Galois correspondence in this case again. In the latter case, we have
This means that N is of type III 1 , a contradiction.
It thus remains to investigate the case where M is of type III 0 . Assume for a while that N is of type III λ (0 < λ < 1). Then X N = [0, −log λ ) and F N t s = s + t mod(−log λ ). Note that, since P N ⊆ P M and F N t = F M t | P N for any t ∈ R, the T -set T (M) (see [5] ) contains the T -set T (N) = 2π log λ Z.
Let ξ 0 (x) := exp(−2πix/ log λ ) (0 ≤ x < −log λ ), which is an eigenfunction for the flow F N corresponding to − 2π log λ ∈ T (N). 
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It follows at once that = K × {0}, so we may identify with K. We have F M ) is realized as the flow built under the constant function −log λ with the base transformation T on = K. Since = K must be non-atomic and T is ergodic, we find that K is non-discrete, and that the closure of {c(−log λ , 0) n : n ∈ Z} is dense in K. Hence, K is a so-called monothetic group. Therefore, it suffices to examine the case in which both M and M α are of type III 0 , as claimed.
A. Appendix. Borel unitary cocycles
The unitary 1-cocycles for group actions on von Neumann algebras are assumed to be σ -strongly* continuous with respect to the group parameters. Here we show that the σ -strong* continuity requirement can be replaced, without modifying the notion, by the measurability condition as follows. Our proof relies upon the argument in [5] . , x) . By the definition of U , we find that, for each t ∈ R, u t (x) = c (−t, x) for almost every x ∈ X M . Meanwhile, by the cocycle property of u, we have u s+t = u s · (u t • F M −s ) for any s, t ∈ R. From this, it follows that, for each s, t ∈ R, one has c (−s − t, x) = c (−s, x)c (−t, F M −s x) for almost every x ∈ X M . Hence, from [42, Theorem B.9] , there exists a cocycle c ∈ Z 1 (F M , T) such that c = c almost everywhere. Now it is easy to check that u c = u. We then have
where P (k, x) = C ⊗ N φ (x) for any k ∈ K. We put, for any s ∈ R, 
